QUANTUM AFFINE GELFAND-TSETLIN BASES AND QUANTUM 
TOROIDAL ALGEBRA VIA iiT-THEORY OF AFFINE LAUMON SPACES 
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Abstract. Laumon moduli spaces arc certain smooth closures of the moduli spaces of maps 
from the projective line to the flag variety of GLn- We construct the action of the quantum 
loop algebra (7t,(Ls[n) in the K-theory of Laumon spaces by certain natural correspondences. 
Also we construct the action of the quantum toroidal algebra Vv{sln) in the K-theory of the 
afEne version of Laumon spaces. 



1. Introduction 

1.1. This note is a sequel to [SIS]. The moduli spaces £ld were introduced by G. Laumon 
in [5] and [S] . They are certain partial compactifications of the moduli spaces of degree d based 
maps from to the flag variety "Bn of GLn- The authors of ^ [4] considered the localized 
equivariant cohomology R = ®d^f^c*(^d) f^H' ^(pt) Frac(-ff (pi)) where T is a Cartan 
torus of GLn acting naturally on the target !B„, and C* acts as "loop rotations" on the source 
P^. They constructed the action of the Yangian Y(sl„) on i?, the new Drinfeld generators 
acting by natural correspondences. 

In this note we write (in style of [4J) the formulas for the action of "Drinfeld generators" of the 
quantum loop algebra in the localized equivariant if-theory M = ^j^K^^"^ {Q-d) ®_ffTxc«(p() 

Frac(i4r"^^''' {pt)). In fact, the correspondences defining this action are very similar to the corre- 
spondences used by H. Nakajima [12 to construct the action of loop algebra in the equivariant 
K-theory of quiver varieties. 

We prove the main theorem directly by checking all relations in the fixed points basis. 

There is an affine version of the Laumon spaces, namely the moduli spaces Td of parabolic 
sheaves on x P^ , a certain partial compactification of the moduli spaces of degree d based 
maps from P^ to the " thick" flag variety of the loop group SLn , see |5] . The similar correspon- 
dences give rise to the action of the quantum toroidal algebra U„(s[„) on the sum of localized 
equivariant K-groups V = 0^ /sT^''^* (Jd) «)^txc- xc- (^t) Frac(if'^^^* (pt)) where the 
second copy of C* acts by the loop rotation on the second copy of P^ (Theorem I4.13P . 

Since the fixed point basis of M corresponds to the Gelfand-Tsetlin basis of the universal 
Verma module over ?7t,(g[„) (Theorem 6.3 in |^), we propose to call the fixed point basis of V 
the affine Gelfand- Tsetlin basis. We expect that the specialization of the afhne Gelfand-Tsetlin 
basis gives rise to a basis in the integrable g[„-modules (which we also propose to call the 
affine Gelfand-Tsetlin basis). We expect (see 4.17) that the action of Ut,(s[„) on the integrable 
g[„-modules coincides with the action of Uglov and Takemura [T4j. 

1.2. Acknowledgments. I thank Boris Feigin and Michael Finkelberg for teaching me re- 
markable mathematics, for introducing to this topic and for frequent discussions. 

I am grateful to Alexander Molev for some useful remarks concerning g-Yangians. 
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2. Laumon spaces and quantum loop algebra [/g(Ls[„) 

2.1. We recall the setup of [2j[3j|4]. Let C be a smooth projective curve of genus zero. We 
fix a coordinate z on C, and consider the action of C* on C such that v{z) ~ v^'^z. We have 
C^* = {0,oo}. 

We consider an n-dimensional vector space W with a basis Wi , . . . , ■ This defines a Cartan 
torus T C G = GLn C Aut{W). We also consider its 2"-fold cover, the bigger torus T, acting 
on W as follows: for T 3 t= (ti, . . . , t„) we have t{wi) — tfwi. We denote by S the flag variety 
of G. 

2.2. Given an (n — l)-tuple of nonnegative integers d— (di, . . . , we consider the Lau- 
mon's quasiflags' space Q^, see [9], 4.2. It is the moduli space of flags of locally free subsheaves 

c Wi c . . . C W„_i cW^W(g)Oc 

such that rankCWfe) = k, and deg(Wfe) — —dk- 

It is known to be a smooth projective variety of dimension 2c?i + . . . + 2(i„_i + dim 23, 
see [8], 2.10. 

2.3. We consider the following locally closed subvariety £ld C Qd (quasiflags based at oo e C) 
formed by the flags 

c Wi c . . . C W„_i cW^W(E)Oc 
such that Wi C W is a vector subbundle in a neighbourhood of oo e C, and the flber of at 
cxD equals the span (wi, . . . , Wi) C W. 

It is known to be a smooth quasiprojective variety of dimension 2di + . . . + 2(i„_i. 

2.4. Fixed points. The group GxC* acts naturally on Q^, and the group T x C* acts naturally 
on Qd- The set of fixed points of T x C* on is finite; we recall its description from [6], 2.11. 

Let d be a collection of nonnegative integers (dy ), i > j, such that di = 'Yl]=i ^ij^ ^^'^ 
i > k > j we have dkj > dij . Abusing notation we denote by d the corresponding T x C*-fixed 
point in Qd'- 

Wi = Oc(-dii •0)u;i, 

W2 = Oc(-d2i • 0)wi © Oc(-d22 ■ 0)W2, 

W„_i = Oc{-dn-i,i ■ 0)wi ® Oc(-C?n-1.2 ' 0)^2 ® . . . © Oc(-d„-i,„-i ■ 0)w„_i. 

2.5. For i S {1, . . . , n — 1}, and d= (di, . . . , c?n_i), we set d + i := (di, . . . , di + 1, . . . , d„_i). 
We have a correspondence E^^^ C Qd x Qd+i formed by the pairs (W,, W^) such that for j ^ i 
we have — Wj, and W- C W^, see [6], 3.1. In other words, Ed,i is the moduli space of flags 
of locally free sheaves 

c Wi c . . . W,_i c c c W,+i . . . c W„_i c W 

such that rank(Wfc) = k, and degCWfe) = —dk, while rank(W^) = i, and deg(W;) = —di — 1. 

According to [8], 2.10, Ed^i is a smooth projective algebraic variety of dimension 2di + . . . + 
2d„_i + dimS + 1. 

We denote by p (resp. q) the natural projection Ed_,; Qd (resp. EdA Qd+i)- We also 
have a map r : Ed,i — > C, 

(0 c Wi c . . . W,_i c c c W,+i . . . c Wn-1 C W) supp(W,/WO. 

The correspondence Ed^i comes equipped with a natural line bundle Li whose fiber at a point 

(0 c Wi c . . . w,_i c c W, c W,+i . . . c W„_i c W) 
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equals r(C,W,/WO. 

Finally, we have a transposed correspondence ^E^.i C Qd+i x Qd- 

2.6. Restricting to C Qd we obtain the correspondence Ed.i C Qd x Qd+i together with 
line bundle Li and the natural maps p : ^ Od, q : E^^i — + Od+i, r : E^ ^ — > C — oo. 
We also have a transposed correspondence ^Ed,i C 0d+i x Q_d- It is a smooth quasiprojective 
variety of dimension 2di + . . . + 2d„_i + 1. 

2.7. We denote by 'M the direct sum of equivariant (complexified) K-groups: 

It is a module over if^xC* (p^) = c[T x C*] = C[a;i, . . . , a;„, w]. We define 

M= 'M®^^,e>(pt)Frac(K^xC-(p^))^ 

We have an evident grading 

M = ®dMd, Md = K^""^' {Qd) ^Kf.c (pt) Frac(i^^xC* 

2.8. For the quantum universal enveloping algebra C/^(0l„) we follow the notations of section 2 
of [lOj. Namely, [/t,(gl„) has generators ^, . . . t^^, Ci, . . . , e„_i, fi, . . . , f„_i with the following 
defining relations (formulas (2.1) of loc. cit.): 

(1) Utj - tjU, Ut^^ = trh, = 1 

(2) Utjti' = t,v'^-'''-^\ Uht7' = ^,v-'-^+'^.^+^ 

(3) [^^,h]=k/f^^, i^^Uil^i 

(4) [e.,e,]-[/„/,]=0(|z-j|>l) 

(5) [ei,[^i^^i±i]v]v ^ [fi,[U,U±i]v]v, [a,b]y := ab ~ vba 

The subalgebra generated by 6^, e^, fi(l < i < n — l) is isomorphic to Uv{sln)- We denote 
by J7t,(g[„)<o the subalgebra of ?7„(0[„) generated by ti,t^^,fi. It acts on the field C(T x C*) 
as follows: fi acts trivially for any 1 < i < n — 1, and acts by multiplication by tiV^~^. We 
define the universal Verma module 9Jl over [/t,(g[„) as 3Jl := Uv{q[^) ®u^{si„)<o "^(^ ^ '^*)- 

We define the following operators on M: 

(6) U = ty^-'-'^^+'-^ : Md^Md 

(7) e, =<-+V*+'"''-"''+'p*q* : Md^Md-^ 

(8) f. = -tri«'i»-'^-i+'-iq,(L, ® p*) : ^ Md+^ 
The following theorem is Theorem 2.12 of [2]. 
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Theorem 2.9. These operators satisfy the relations in Uv^Qln), i.e. they give rise to the action 
of Uv{Qi„) on M. Moreover, there is a unique isomorphism ip : M ^ OJt carrying [Oq„] G M 
to the lowest weight vector 1 G C(T x C*) C 2Jl. 

Remark 2.10. These notations coincide with those from (see Theorem 2.12 and Conjecture 
3. 7 of loc. cit.) after Chevalley involution. 

2.11. Gelfand-Tsetlin basis of the universal Verma module. The construction of 
Gelfand-Tsctlin basis for the representations of quantum g[„ goes back to M. Jimbo [7]. 
We will follow the approach of [TU]. To a collection d — (dij), n — 1 > i > j 
we associate a Gelfand-Tsetlin pattern A = := (Ay), n > i > j as follows: 

:= tjV^~^, n> j >1] v^^' := tjv^^^^'^'^ , n-l>i>j>l. Now we define = G 9Jl 
by the formula (5.12) of [10 . According to Proposition 5.1 of loc. cit., the set {^^} (over all 

collections d) forms a basis of Tl. 

According to the Thomason localization theorem, restriction to the T x C*-fixed point set 
induces an isomorphism 

X^xc*(%) Frac(i^^xc*(pt)) ^ K^x'^*(Qf^*) ®^^xc.(,,) Frac(K^x^* (pi)) 

The structure sheaves [d\ of the T x C*-fixcd points d (sec 12. 4p form a basis in 
®<i^i^'^xc*(0jxc*-) (g)^^^c-(pj) Fia.ciK'^'"^'' (pt)). The embedding of a point d into is a 
proper morphism, so the direct image in the equivariant K-theory is well defined, and we will 
denote by {[d\} G Md the direct image of the structure sheaves of the point d. The set {[d]} 
forms a basis of M. 

The following theorem is Theorem 6.3 of [3 and Corollary 2.20 of [2]. 

Theorem 2.12. a) The isomorphism : AI^^DJl of Theorem \2.9\ takes {[c?]} to 

(«^-i)-i^in^'"""'^«^'"'---^e3. 

h)The matrix coefficients of the operators in the fixed point basis {[d\} of M are as 
follows: 

li[d.d'] - ^ S'^ ^ 

(l-«2)-l Y[ (l-t^i-V'^-^-^''--)-! II (l~t2t-V'-i.--2d.,,) 
j^k<i k<i—l 

if d[ J ~ dij + 1 for certain j < i; 

P — f-i „,di+l-d, + l-i 

j^k<i k<i+l 

if d'j^ j = dij — 1 for certain j < i; 

All the other matrix coefficients of ti,^i vanish. 
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2.13. Quantum loop algebra Ut,(L5[„). Let {aki)i<k,i<n-i = An-i stand for the Cartan 
matrix of s[„. For the quantum loop algebra U„(Ls[„) we follow the notations of [12]. Namely, 
the quantum loop algebra ?7t,(Ls[„) is an associative algebra over generated by ek,r, fk,ri 
hk,m (1 < fc, Z < n — 1, r S Z, m g Z \ {0}) with the following defining relations: 

(9) rkiz)^fH = ^pf{w)rkiz), 

(10) (z - v^'""w)^^{z)xf{w) = x't{w)^p^{z){v^'"^'z - w), 

(11) [x+{z),xrH] = ^^^^{6iw/z)i;+{w) ^ d{z/w)4>k{z)}, 

(12) {z - v^^w)x'^{z)x'tiw) = x'^{w)x'^{z){v^^z - w), 

(13) {z -v^'"'-'w)x'tiz)x^{w) = xf{w)xf{z){v^'"'-'z-w),k^ I, 
(14) 

{xKzi)xt{z2)xt±l{w)~{v + V ^)x'^{zi)xt^^{w)xt{z2)+x'^^^{w)x'^{zi)x'^{z2)} + {zi < > Z2} = 0, 

where s,s' = ±. Here S{z),x^{z),xp^{z) are generating functions defined as following 

00 CO 00 

S{z) := ^ z'' , x'^ (z) := ^ ek,rZ''' , x',: (z) ^ fk,rZ^'', 

r— — 00 r— — oo r— — 00 



00 
m— 1 



2.14. For any < i < n we will denote by the tautological i-dimensional vector bundle on 
Od X C. By the Kiinneth formula we have if^xC* (£3^ x C) = K^^C' (0^) ^ ^ © X^'xC* (0^) ^ ^ 
where r G j^txC ^q-^ jg -j-j^^ class of 0(1). Under this decomposition, for the exterior power 
A^"(W,) we have AJ(W,) A|.)(WO ® 1 + Af,_i)(W,) r where A| (W,), A|^._i) (W,) e 

if^"^*(Od). 

For < m < n we introduce the generating series bm(z) with coefficients in the equivariant 
if-theory of % as follows: b™(z) := 1 + Ei<j<™ (aJ^) (Wm) " ^^A|,_^) (W^)) (-z)-^. In 
particular, bo(z) := 1. 

Let V stand for the character of T x C* : (t, v) v. We define the line bundle L'^ :— v^Lk on 
the correspondence Ed ^, that is LJ, and Lk are isomorphic as line bundles but the equivariant 
structure of L'^. is obtained from the equivariant structure of Lk by the twist by the character 



We also define the operators 

(15) ek,r ife+it'''^'+^-''=+'-'p*((4.)''" ® Q*) : -> A/,_fe 

(16) fk,r :- -tfc^'^'=-''^-^-i+'=q*(ifc ® (i^'fc)®'' ® P*) : ^ Md+k 
We consider the following generating series of operators on M: 
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(17) J2 efe^rz"": Md^Md-k[[z,z-^] 

r— — oo 
oo 

(18) ^ki^)= fk.rz-'': Aq+k[[z,z-^] 



r— — oo 



(19) ^t{z)\M^=Y.^lr^'^--- 
r=0 

= tll^tuv''-^--^^-+'>'-^-^ {hk{zv-^-^)-^hk{zv~^)-^hk-i{zv-^)hk+i{zv-^-^))^ e Md[[z-i] 



-OO 

= t^Ut.v"^^^-'^"-^"^-'-' {hkizv-''-^)-'hkizv-^)-'hk-i{zv-'')hk+iizv-''-')y e Mrf[[z]]; 

where ()^ denotes the expansion at z — oo, respectively. 

Theorem 2.15. These generating series of operators ip^{z), x^{z) on M defined in \2.14\ satisfy 
the relations in Uy{Lsln), i.e. they give rise to the action of Uy{Lsln) on M. 

Remark 2.16. For the quantum group J7i,(s[„) (generated by ek,a, fk^^ipko C^t)(Ls[„)) we 
get formulas ([BHl]) . Formulas (|17t420|) are very similar to those for equivariant cohomology in [4] . 

Definition 2.17. We assign to a collection [d\ a collection of weights Sij := t'jv^'^'^^^ . 

Proposition 2.18. a) The matrix coefficients of the operators fi^r,^i,r in the fixed points basis 
of M are as follows: 

j^k<i k<i—l 

if d[ ■ = di^j + 1 for certain j < i; 



(20) Vfe(^) Im.^^V', 



j^k<i k<i+l 

if d[ J = dij — 1 for certain j < i; 

All the other matrix coefficients of Ci^r, fi,r vanish, 
b) The eigenvalue of'ip^{z) on {[c?]} equals 

ti^^t,v''^+'-^'''+'''-'-^l[il-z-^v'+^s,,,)-\l-z-Ws^,,)-^ n (l-z-^^+2^.+ij) n (l-z-ii;'s,_ij). 

j<i J<i+1 i<j-l 

Proof. a)Follows directly from Theorem 12. 12b ). 

b)Follows from the exactness of functor A^iL) := ^^^"o'^*'^'' z^A^L on the category of coherent 
sheaves and the fact that {sij}j<i is the set of characters of T x C* in the stalk of at the 
fixed point {[d], 0} e x C. □ 
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2.19. Now we formulate a corollary which will be used in Section[4l 

For any 0<TO<i<nwe will denote by Wmi the quotient Wi/W,„ of the tautological vector 
bundles on £2^ x C. Under the Kiinneth decomposition, for the exterior power A^CWjni) we have 

A^"(W™) A^ .)(W„,) ® 1 + A^ ._^)(W™) ® T where Af^-) (W^,), A^^.^d (W„„) G 

We introduce the generating series b™(z) 1 + J2fLi (^^lj)(yimi) - vA^i^j_^^{'W„ii)j (-2)"^. 

Corollary 2.20. \m,= (b„„(zt;-'-2)-ib™(2w-*)-ib™,,_i(z«-^)b„,,+i(zv-*-2)) = 

for any m < i. 

Proof. Let A,{L) YJ'Po^^'^ z^K'L. Then on the one hand 

A.(W,) = A,(W„)A,(W„,), 

while on the other hand 

A_i/z(Wj) \r:^-v^hj{z), A_i/^(W,„j) b„j(z), A_i/3(W„) |^-_,„=: b„(z). 

□ 

3. Proof of Theorem 12.151 
Let us check equation (fT2|) firstly. We will prove it for x'^ (case is entirely analogous). 

Proof. We need to check for any integers a, 6: fi,a+ifi.b - w"^/j,a/j,6+i = v"'^ fi^bft.a+i - 
fi,b+ifi,a- Let US computc both sides in the fixed points basis: 
a) [d,d' = d + Si^j^ + (ji 7^ ^2)- 

(/.,a+l/.,6 - V-\f,^af^M+l)^g2'] = X 

Similarly 

Here 

So we have to prove that 

(■^i ,ji J2 ('^* J2 ~ '^i j"l ) + '^i ,ji •*i,j2 J2 ~ ''^ '^i Jl Jl '^i J2 J2 ~ ) i^ijl ~ ^ ^1^2) = 



* ,il '5*,J2 (■^ij'i *i,j2 "I" ^i,ji^i,h^ 

is antisymmetric with respect to {ji < — > J2} which is obvious. 
b)[d,d' = d+25,jj. 
In this case define 



P' i-Ur'v 



-2^ 2(ii-2(ii_i+2i-3 
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ji ^k<.i k<i— 1 

Then: 

So the equahty holds again. □ 

Let us check equation (|13p now. We will prove it only for xjT again. 

Proof. li\k~l\> 1 than it is obvious that in the fixed points basis the formulas are the same. 
So let us check it for Z = i + 1, fc = i, i.e. for any integers a, 5: fi.a+ifi+i.b ~ i'/i,a/i+i,6+i = 

vfi+l,bfi,a+l — fi+l,b+lfiM- 

Let us compute both sides in the fixed points basis: 
a.)[d,d/ = d + 5.,j^ + ^i+ijj {ji ^ 22)- 



(/i,a+l/j+l,b-w/i,a/i+l,f)+l)[5J,] = (l - Si+ij^SjJJ 



i(a+l) + (i+l)h^fc a+\ , ia+(i+l)(6+l) + l b+1 a 



,i(a+l) + (i+l)6+l 6 a+1 _ ia+(j+l)(6+l) 6+1 a 



(w/i+l,6/t,a+l-/i+l,;)+l/j,a)g2'] ~ ^ (l ~ "^■5»+l,i2'SijJ 

where 

After dividing both right hand sides by Ps1'J^s'^_^_i j^v'^"'^^'^^^'>'' we get an equality: 

^i{a+l) + {i+l}b^-2bd, + ij-2{a+l)dij _ ^m+(i+l) (b+l) + l^-2(b+l)di+i_j -2aci,,j 
p/^a+ft+l^i(a+l) + (i+l)&^-2aci,j-2f,di+ij^^-2di,j _ ^2^-2d, + i.j ^^^-^ _ ^2di, -2d, + i,, -j _ 

Similarly we get 

{'vfi+lMfi,a+l — fi+l,b+lfiM)[2,d'] ~ 
p/^a+b+l^i{a+l) + ii+l)b^-2ad.,,-2bdi+i,j^^^-2d,,, _ ^^;-2d.+ l,j ) ("^ _ „2d,j -2di+i,j +2 ^ ^ 

where P' is a specialization of P under ji — j2 — j- 

Again, we get an equality. □ 

Let us check equation (fTTj) for the case k ^ I. 

Proof. We have to show for any integers a, b the equality Ck^afi.b ~ fi.b^k.a holds. 

If \k — l\ > 1 then this equation is obvious, since matrix elements in the fixed points basis 
are the same. So let us check the only nontrivial case: k = i,l = i + I (the pair k = i -\- 1,1 = i 
is analogous). We consider the pair of fixed points [d,d' = d + Sij-^ + St+ij^] (here ji,j2 might 
be equal). 

e^,aft+l,b l[d,d']= -^(1 " ^i+lj2S,^jJ(^ ~ ^~^^i+lj25,^ji)' 
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where 

This completes the proof of equation (fTTjl . □ 
Let us check equation (fT4|) fourthly. Wc will prove it only for xj^ again. 
Proof. We have to prove for any integers a, b, c and j = i ±1 the equality holds: 

{fi.afi,bfj,c - {v + V^'^)f.i^afj,cft.b + fj.cft.aft.b} + {a < > 5} ^ 0. 

Let us consider the case j = i + 1 (the second case is similar) . 

We will show that matrix elements in the fixed points basis of the first bracket is antisym- 
metric with respect to a change {a < — > b}. 
a.)[d,d/ = d + (5jji + Si^^^ + Si+i^^] {ji ^ j2). 

fi,afi,bfi+l,c I 
fi,afi+l,cfi,b 

fei 4.2(1 - v's,+i^,,s-jj(l - s.+i,,3S-jJ(l - s,,,,s-jj-\l - v's,,,,s-jj-' + {n ^ 32}] , 

fi+l,cfi,afi,b 

Thus: 

ifi,afi,bfi+l,c — {v + V ^)fi^afi+l,cfi,b + fi+l,cfiMfi,b)Q^_2'] ~ P^ijl^ij2 ^ 



(Sjj'i '^i,i2)(^jj2 ^'^^ijl) 

where 

P- +-2 rf.+i+di-2di_i+3j-3 . . c+1 c(i+l)+i(a+6) TT . .,-1 Vl _ „. . ,-1 ) 

k<i-l 

n (i-^^+ijs^r+Vfc)"' n (i-^«+i..3S.Tfc) n ^-^^.n^ij^^^ n (i-^^^-i^a')"'- 

J3#fe<» + 1 Jlj2#fc<i jlj2#'c<j jlj2#fc<i 

We see that 



fiMfiM.fi+l.c — {v + V ^)fiMfi+l,cfi.b + fi+l.cflMflM ^**+l,i3 (1 ~ ''^^) 



„a „6 _ „6 „a 
2\ ijl ij2 ^i,ji^i,j2 
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is antisymmetric with respect to a < — > b. 
By the same calculation one gets: 

{fi,afi,bfi+l,c ^ {v ^ V )fi.afi+l,cfi.b + fi+l,cfi,afi,b)Q^ j,'] ~ 

P' [v\l - s,+,,,,sr^J - (1 + v'){l - v\s,+,,,,srjj + (1 - v^s,+i,j,s-]j] - 0, 
where 

fc<i-i 



j3^k<i+l jl¥^k<i 

This completes the proof of equation (fT4|) . □ 

Now we will introduce the operators ip'l{z)\Ma = HT=QVk,r\Ma^^'' ,Vki^)\Ma = 
J2r^ r\Md'^^^ (hcrc ^\M^ G C[xf ^, . . . , x^^ ,v^^\) diagonalizable in the fixed points basis 
and satisfying the equation 

(21) [xtiz), xl{w)] = -^—^{5{w/z)^tiw) - S{z/w)^j:{z)} 

We will show that 1^3^(2:) are determined uniquely by the conditions ^to\Ma — 
Ut~^^v'^-+^-'^'^-+'^--^-^ , (p~'^o\M^ = trit^^^t;-'^.+i+2d.-di-i+i (we get these formulas from the 
fact that the subalgebra generated by ip^^, E^, is a quantum group Uy{sln), for which the 
formulas are already known). Let us further omit {m^ for brevity. Next we will check 

(22) ^liz)ipf{w)=^fiwMiz), 

(23) {z - v^'"''w)ip'i{z)xf{w) = xf{w)ip^{z){v^''^'z - w). 

Finally by showing that ^f{z) = i^^{z) we will get equations ((9 HTT|l from equations ((2T| - [23l) . 
And so Theorem 12.151 will be proved. 

From Proposition 12.181 one gets that {v — w~^)[a;^(z), ^"(w)] is diagonalizable in the fixed 
points basis and moreover its eigenvalue at {d} equals to 

where 

Y^sJ n (1-^...^,:^)"' n i^-^''^,ks7]r' n (1-^^.^,-1,^) n ii~v's,+^,ks~j)is,,,vr- 

j<i \j¥^f^'^'i i?^^^* ^^'i^^ k<i-\-l 

n (i-^.T^^o"' n (i-^'^i:^..-)"' n (i-^'^^-^r-i,.) n (i-^.+i,.«j)(«m«^+')" 

j^k<i j¥'k<i k<i-l k<i+l 
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So as we want an equality (i; — i; ^)[xf{z), [w)] = 5 i^^) (p^{w) — 6 (^) (p^ (z) — 

a,b\a+b>0 a,b\a+b<0 a,b\a+b=0 

to hold, we determine 'fifsyo^ '^7s<0' fts^n ~ 'P7s=o uniquely as they are equal to the 
corresponding Xi,s- But we know from 2 that for tp^^ = </?7o ~ 

<~^ti+it;~'''+^+^'''~'^'-^"'"^ the above equality for (p^Q — ip^Q holds. So we have determined all 
coefficients of the series ^f{z). 

Let us note that as all operators (pf^ are diagonalizable in the fixed points basis the equa- 
tion ([211) holds automatically. So let us check the equation i.e. 

{z - v''''""w)pt{z)xi{w) = xi{w)pt{z){v''''""z - w). 

Proof. We claim that for fc ^ Z it follows directly from the equation (fT3)) and the construction 
of (pf{z). So let us now check it for the case k = I, s = +, s' — 

Now we are computing the matrix elements of both sides in the fixed points basis on the 
pair [d,d' ^ d + (5i,p<j]. 

Let us notice that fi^b+i \[2d']~ /'.f' \\dd'] '^i,p^^- ^ud as pfg:>Q are diagonalizable in the 
fixed points basis the only thing we have to check is the following equality for any a > 0: 

a) a > 0. Here we use the notations of Proposition 2.21 (Hj). 
Namely q := v'^,Sj s,y ^ t'^v^'^'^''^ ,rk := tlv~'^'^'-^->' ,pk := 
Then 

^ah^v'^U', n Pk'\T.'j' n i'^-i^^) n (^^^-^^■) n {i^j-i^k)-'{s,~s,) 

j<i k<i-l \j<i k<i+l k<i-l j=i^k<i 

j<i k<i+l k<i-l j^k<i 

<k+s..=-"']i^j n p.-vM E -'f n n b^-^.ox 

j<i k<i~l \p:/:j<i k<i+l k<i-l 

Y[ - qsk^^isk - sjy^){sj - SpT^iq^^Sp - s^y^s'^- 

1 E n n {Pk-qsj)y- 

p^j<.i fc<«+l k<i — l 

n ^ ^kY^i^k - (7Sj)^^)(sj - q^^Spy^{q^^Sp - qs [qs jY + 

j,p^k<i 

Sp^if n {(f^Sp^l^k) W {Pk-q^^Sp) {{q^^Sp- qsky^{sk~ q^^Sp)){q^'^Spf- 

k<i+l k<i-l p^k<i 

k<i+l k<i-l p^k<i 

Hence: 
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j<i /£<'i-l yp^iijXi k<i+l fc<i-l 

j^k<i 

1 E n i^J-^k) n (Pk-ISj) Yl {{sj - Sky^isk- qsjy^){sj - Sp){qsj)"-+ 

p^j<i k<i+l k<i-l j¥=k<i 

k<i+l k<i-l p^k<i 

«a+i-'^-'sp^'V+ju,.,=«^^"+'^n«.- n p^'i~'i E n (■•^^-1^^) n (^'^--^.o^ 

j<i fc<j-l \p=ij<i k<i+l k<i~l 



n ((sj-^Sfe) ^(sfe-Sj) ^)(sj-Sp) ^(g ^Sp-Sj) ^Sj-g ^Sp)s° 



^ E '^j^ n n bfc-9'5j)x 

p^j<i k<i+l k<i-l 

n " - - q^^Sp)-^{q-^Sp - qsj)-^{qsj - g-^Sp)(gSj)"- 

fc<j:+l fe<i-l p=tk<i 

It is straightforward to check that these two expressions coincide. 

b) a = 0. In this case we know that Lpf^ = Xi,o + 'Pi^o' V'ti ~ Xi,i- The argument of a) shows 
So in order to prove 

it is enough to check v~''^Lp^Q \d+5- ~ ^-i^Q Id' "^tiich follows directly from the formula ip^^ — 

□ 

Now we rewrite the formulas for ipf{z). From equation we get for any a > 0: 
i.e. 



This equation is especially interesting whenever ak,i 7^ giving the following information: 
(24) ' ! = V- " 



ip+{z) I3 1 - 2-lt;'+2i2^-2d, + i,p ' 
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Let us compute (pf{z) where do = {dij — 0|Vi,j). In this case the expression for ff{z) 
reads as: 



a>lfc<i-l fc<i-l fe<i-l fc<i+l 

1 + +-1 + 2 „.2n/i ,2 +-2„,2n i?^^*^ ^ + -l/'l +2 „,i+2^-l\/i +2„,i 



So 



(27) - - t\v^z-^)-\ 
From equations ([24H27|) we get a simple formula for (^^(z), explicitly: 

(28) (^+(z) = tTl^Uv"^^--^"^^"^---^ (a,+i(zt;-'-2)^^_^(^^-«)^^(^^-»-2)-i^^(^^-^)-i^+ ^ 

(29) a,(z):=n(l-^"'*^'''''^)- 

Now from equations ([28H291) and Proposition 12.18b ) we get ipf{z) — ■ipf{z). In the same 
way one gets ^~{z) — ip~{z). 
Theorem \2.15\ is proved. 

4. Parabolic sheaves and quantum toroidal algebra 

In this section we generalize the previous results to the affine setting. 

4.1. Parabolic sheaves. We recall the setup of section 3 of j2]. Let X be another smooth 
projective curve of genus zero. We fix a coordinate y on X, and consider the action of C* on X 
such that c(x) = c"^a;. We have X"^ = {Ox,oox}- Let S denote the product surface C x X. 
Let Doo denote the divisor C x oox U ooc x X. Let Dq denote the divisor C x Ox- 

Given an n-tuple of nonnegative integers d = (do, ■ • ■ , dn~i), we say that a parabolic sheaf 
5", of degree d is an infinite flag of torsion free coherent sheaves of rank n on S : . . . C If-i C 
3^0 C J'l C . . . such that: 

(a) Jfe+n = 3'fc(Do) for any fc; 

(b) chi{J'k) — fc[Do] for any k: the first Chern classes are proportional to the fundamental 
class of Do ; 

(c) ch2(3^k) = di for i = k (mod n); 

(d) Jo is locally free at T)oo and trivialized at Dtxj : -FqIdo^ = W ; 

(e) For —n < k < the sheaf J'k is locally free at Dqo, and the quotient sheaves 
Jk/3^-n, 3^o/3'k (both supported at Do = C x Ox C S) are both locally free at the point 
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ooc X Ox; moreover, the local sections of 5'/c|oocxx are those sections of Jo|oocxx = ® Ox 
which take value in {wi, . . . , Wn-k) C at Ox G X. 

The fine moduli space CPd of degree d parabolic sheaves exists and is a smooth connected 
quasiprojective variety of dimension 2dQ + . . . + 2d„_i. 

4.2. Fixed points. The group T x C* x C* acts naturally on I'd, and its fixed point set is finite. 
In order to describe it, we recall the well known description of the fixed point set of C* x C* 
on the Hilbert scheme of (C — ooc) x (X — oox). Namely, the fixed points are parametrized 
by the Young diagrams, and for a diagram A = (Ao > Ai > . . .) (where Aat = for 0) the 
corresponding fixed point is the ideal J\ = <Cy'^z^° Cy^z^'^ . . .. We will view J\ as an ideal 
in Ocxx coinciding with Ocxx in a neighborhood of infinity. 

We say A D if A^ > fii for any i > 0. We say AD/i if A^ > fii+i for any z > 0. 

We consider a collection A = (A'''')i<fcj<„ of Young diagrams satisfying the following in- 
equalities: 

(30) 

A" c A^i c . . . C A"icA"; A22 c A^2 ^ . . . c A^^cA^^; . . . ; A™ C A^" C . . . C A""i'"cA"" 



We set 4(A) - ELi l^^'l and d(A) = {do{\) := d„(A), . . . ,d„_i(A)). 

Given such a collection A we define a parabolic sheaf 3^, — 3^. (A), or just A by an abuse of 
notation, as follows: for 1 < k < n we set 

(31) ^k^n= Jx>"Wi(B Jx>^ii~'Da)wi 

l<l<k k<l<n 

Lemma 4.3. The correspondence A i— > 9^«(A) is a bijection between the set of collections A 
satisfying i30\) such that d{X) = d, and the set ofTxC* x C* -fixed points in Td- 

Proof. Evident. □ 

4.4. We will now introduce a different realization of parabolic sheaves, and another 
parametrization of the fixed point set which is very closely related to this new realization. We 
first learned of this construction from A. Okounkov, though it is already present in the work 
of Biswas [Tj. Let (t:CxX^CxX denote the map cr(z, y) = (z, y"), and let G = Z/nZ. 
Then G acts on C x X by multiplying the coordinate on X with the n— th roots of unity. 

A parabolic sheaf 3^, is completely determined by the flag of sheaves 

3'o( — Do) C C ... C J'o, 

satisfying conditions a — e above. To iF, we can associate a single, G invariant sheaf 3^ on C x X: 

J - a*:r_„+i + a*y_„+2(-Do) + ... + a*%{~{n - l)Do). 

This sheaf will have to satisfy certain numeric and framing conditions that mimick 
conditions I4.1l fb)-fe). Conversely, any G invariant sheaf 5" that satisfies those numeric and 
framing conditions will determine a unique parabolic sheaf. 

If is a T X C* X C* fixed parabolic sheaf corresponding to a collection A as in the previous 
section, then we have 

n 

(32) y=0j^,(_(;_l)Do)w;,, 

1=1 
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where (A^, A") is a collection of partitions, given by 

Here [^^J stands for the maximal integer smaller than or equal to 

For j G let {j mod n) denote that element of {1, . . . ,n} which is congruent to j modulo 
n. For j > J G if we denote 

(34) d..=A^T'" 

we obtain a collection [dij ) = d = d{\) of non- negative integers with the properties that 

(35) dkj > dij \fi >k > j; di+„j+„ = Vi > j; dij =0 for i - j > 0. 
For 1 < fc < n, let us write 

n n n 

j<k /=! .;< [iizlj 1=1 i>0 " 1=1 i>0 

Summarizing the above discussion, we have: 

Lemma 4.5. The correspondence A i-^ d{X) is a bijection between the set of collections A 
satisfying i30\) . and the set D of collections d satisfying i35\) . We have d{X) = d{d{X)). 



By virtue of Lemmas l4.3l andl 4.5l we will parametrize and sometimes denote the T x C* x C*- 
fixed points in Td by collections d such that d = d{d) . 

4.6. Correspondences. If the collections d and d! differ at the only place i ^ I := Z/nl^, and 
d- ^ di + 1, then we consider the correspondence E^,,; C x T^' formed by the pairs (J,, 5"^) 
such that for j ^ i (mod n) we have — J'^ , and for j = i (mod n) we have 3^^ C 7j . 

It is a smooth quasiprojective algebraic variety of dimension 2 X^ie/ d^ + 1. 

We denote by p (resp. q) the natural projection Ed.i J'd (resp. E^,; J'rf')- For j = i 
(mod n) the correspondence E^ ^ is equipped with a natural line bundle Lj whose fiber at 
(J",,?"^) equals r(C, J'j/5'j). Finally, we have a transposed correspondence ^E^^^ C Vd' x '^d- 

4.7. We denote by 'V the direct sum of equivariant (complexified) K-groups: 
'V = e<i^^^c*^'^*(a'd). It is a module over K^""^" (pt) = C[f x 



X 



C[xi, . . . , Xn,v,u]. Here u corresponds to a character {xi, . . . , Xn,v,u) \ — > u. We define 
'V xc (p,) Frac(K^x«^' (pi))- 

■-f xC*xC*/ 



We have an evident grading V = QdYd, Vd = i^-f xi, xc ^j,^) (g)^Txc. xc* (pj) 
Fva.c{K^''^'''^'{pt)). 

4.8. The grading and the correspondences ^E^ i, E^ ^ give rise to the following operators on V 
(note that though p is not proper, is well defined on the localized equivariant K-theory due 
to the finitencss of the fixed point set of T x C* x C*): 

(36) = : Vd^Vd 

(37) = t^^y'+'-^'-'+^p^q* : Vd^Vd-^ 

(38) U = -t-\^"-'v^^"''-'+'-\,{L, ® p*) : Vd ^ Vd+^ 
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According to the Conjecture 3.7 of [2\ the foUowing theorem holds 

Theorem 4.9. For n > 2, these operators ti,ei,fi(i £ TjjriL) satisfy the relations in Uv{sln), 
i.e. they give rise to the action of quantum affine group on V. 

Since the fixed point basis of M corresponds to the Gelfand-Tsethn basis of the universal 
Verma module over ?7„(g[„), we propose to call the fixed point basis ofV the affine Gelfand- 
Tsetlin basis. 

4.10. Quantum toroidal algebra. Let {aki)i<k,i<n = ^n-i stand for the Cartan matrix of 
sin- The double afhne loop algebra f/^(s[„) is an associative algebra over Q{v) generated by 
efe,r, fk,r, v'^, hk,m (l<A:<n, rGZ,TOGZ \ {0}) with the relations ((9 HT4|) . where fc, Z are 
understood as residues modulo n, so that for instance ii k = n then fc + 1 = 1. 

The quantum toroidal algebra U^(s[„) is an associative algebra over C(u, u) generated by 
efe,r, fk.n , hk.m {1 < k < n, r ^ Z, m E Z \ {0}) with the same relations as in J7^(s[„) except 
for relations pHl [T5|) for the pairs (fc, I) — (1, n), {n, 1). These relations are modified as follows. 
We introduce the shifted generating series x^{z) :— x^{zv^u'^), V'n (-z) = V'n 

Now the new relations read 

(39) x^{z)xfiw){z - v^'^w) = (w^Fiz - w)xf{w)x^{z), 

(40) rniz)xf {W){Z - V^'w) = X^{w)rn{z)iv^'z - w) , 

(41) ■iPl{z)x^{w){z - v^^w) = x^{w)ipl{z){v^h ~ w). 
Thus we have U^isTn) =U„(s[„)/(w"u2 = 1). 

Note that Uu(s[„) coincides with U'-modification of U introduced in [15!, with d not spe- 
cialized to a complex number and with central element c = 1. The isomorphism ^E* : U^(s[„) — > 
U' takes u to w and u to d'^v'^ . It is defined on the generating series as 

^{x+iz)) = ef_,{d-^z), ^{xr{z)) = f± ^(d-z), ^{^H^)) = ^tiid-^)- 

4.11. For any to < i £ Z we will denote by Wmi the quotient 'Ssl'Sjm of the tautological vector 
bundles on x C. Under the Kiinneth decomposition, for the exterior power A-^ (W„„;) we have 

A^'(W™) A^'^.)(W™0 1 + A|^._^)(W„„) ® r where A^'^.^ (W„,), A|^._^) (W^,) e i^^xc*(J'^). 
We introduce the generating series b™(z) := 1 + Y.°°=\ {^^\j)^mi) - wA|^._^j (W^^)^ {-zYK 

Corollary 4.12. The expression bj„i(zu"*~^)^"^bmi(zu"*)^-^bm,i-i(zw~*)bm,i+i(zu~*~^) is 
independent of m <i. 

The proof is similar to the proof of Corollarv l2.20l 

We will denote by ip^{z) the common value of the expressions 

(42) (b„,(zt;-'-2)-ib„„(zi;-')-ib,„,,_i(z«-^)b,„,,+i(zt;-'-2))^ . 

Recall that v stands for the character of T x C* x C* : {t,v,u) v. We define the line 
bundle LJ. := v''Lk on the correspondence Ed,fc, that is L'^ and are isomorphic as line bundles 
but the equivariant structure of L'j, is obtained from the equivariant structure of Lk by the twist 
by the character v'^. 
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For < fc < 71 — 1 we consider the following generating series of operators on V: 

itoo 

(43) i^^z) = E'^t^"'' ■ ^ M^^^% 

oo 

(44) 4i^)= ^k,rz-'^ ■■ Vd^Vd-k[[z,z-% 

r— — oo 
oo 

(45) x^{z)= h,rz-^'- Va^Vd+k[[z,z~\ 



r— — oo 



(46) ek,r ■■= t-iy^+'-^'+^-'^p^iL'^)^^ <g> q*) : Vd ^ V^-k 

(47) fk,r ~t^'v''''-^''-'-^+''<i4Lk ® (4)®'^ ® p*) : Vd ^ Vd+k 

Theorem 4.13. These generating series of operators ip^ (z) , (z) on V defined in 
satisfy the relations in Uy^sln), i-e. they give rise to the action of C4(s[„) on V. 

Now we compute the matrix coefficients of operators e^.^, fi,r and the eigenvalues of Tp^(z). 
For accomplishing this goal we need to know the torus character in the tangent space to Ed,i 
(and Td) at the torus fixed point given by indices d, d!_ (and d correspondingly) . These characters 
are computed in [4] (see Propositions 4.15, 4.21 and Remark 4.17 of loc. cit.): 

Proposition 4.14. a)The torus character in the tangent space to Ed,i o,t the torus fixed point 
given by indices d, d/_ equals 

^ ^ tl v"^ - I ^ ^ tj, i;2 - 1 

fc=l l<k ' k=ll'<k-l ' 



^ ^ tl ~\ t\ -\ 

k=\ Kk ' k=l Kk 1^ 



+U^-i;"^'*'^+^'*''-i)j+^-w"^*^+^''"-U^L^J"^L^J+ "V J-.i;-2d>j.C^2<i.fe_^2d(,_i)tVy2L^J-2L^J 

y;2 t*^ 

i/ d'-^- = dij + 1 /or certain j < i. 

b ) The torus character in the tangent space to I'd o,i the torus fixed point d equals 

" ''-'^'ir.2(-^'^<-^>"-l)(--^'^--l). .21^1-21^1,^ V- tl ..2 ^^^'--'"-1 ,21^1-21. 



l<k fe=l/'<fc-l 
!</c k=l l<k ^ 

So analogously to Theorem 3.17 ([4]) we get the following proposition 



y2L^J-2L^J 
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Proposition 4.15. Define Vj ^ :— t^. , , .v ^'^nu 2L„^J— y 2dij^2\^^^ 

^ J (mod n) J (mod nj 

a) The matrix coefficients of the operators fi^r,ei,r in the fixed points basis {[d\} ofV are as 
follows: 

j^k<.i k<.i—l 

if d[ j — dij + 1 for certain j < i; 

j^k<i k<i+l 

if d[ j = dij — 1 for certain j < i; 

All the other matrix coefficients of Ci^r, fi.r vanish. 

b) The eigenvalue ofipf{z) on {[c?]} equals 

t-+\t,t;'^-+i-2'^'+*-i-in(l-z-lt;'+2p,,)-l(l-z-lT;>,,,)-l JJ {l-z-'v'+'p,+,^j) (l-^-'«>.-l,,)- 

j<i j'^^^^ j^^^^ 

Remark 4.16. These formulas are the same as in Proposition l2. 181 with the change Si,j pij. 

Proof. For arbitrary k £ Z we define x^{z),4'^{z) by the same formulas (|^^M7|) . 

The formula for the eigenvalue of ''pf{z) on {[d]} from Proposition l4.15b ) shows that il}^{z) = 
^Pti{zv^u^)=ij^{z) 

s of Proposition l4. 15k ) we get i-j,_„v-i > — ^j. 

xt{zv''u'^)=xt{z). 

Now the relations (|39f[4T|l follow again from Theorem 12.151 and the remark above. □ 



From the formulas of Proposition HTSk ) we get x^_^^{z) — x^(zw"it^). In particular, x'^{z) — 



4.17. Specialization of Gelfand-Tsetlin basis. We fix a positive integer K (a level). We 
consider an n-tuple fi — . . . , /j,o) G Z" such that + K > /Lti_„ > /i2-n > •■• > 

> fiQ. We view /i as a dominant (integrable) weight of g[„ of level K. We extend to a 
nonincreasing sequence Jl = {Jli)iez setting Jli := fii (^od n) + 

We define a subset D{fi) {affine Gelfand-Tsetlin patterns) of the set D of all collections d 
satisfying the conditions ([35]) as follows: 



(48) d e D{^) iff dij - ^.j < di+ij+i - fij+i y j <i, I >0. 
We specialize the values of ti, . . . , i„, v, u so that 

(49) u = v-^-'^, tj ^v^'~^+\ 
We define the renormalized vectors 

(50) {d):=C^'[d] 

where is the product HujeT-yi ^ weights of T x C* x C* in the tangent space to 

I'd at the point d. The explicit formula for the multiset {w} is given in Proposition 14. 14b ) . 
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Proposition 4.18. The only nonzero matrix coefficients of the operators fi,r,ei^r in the renor- 
malized fixed points basis {{(f)} of V are as follows: 



if d!^ ■ — dij + 1 for certain j < i; 



j^k<i k<i+l 

if d'- J — di j — 1 for certain j < i; 

Proof. According to Proposition [4A5] the matrix elements e^^rg' ^ {fi,r^2' d]) nonzero only if 
d — d + Sij {d — d — dij) for some j < i- According to the Bott-Lefschetz fixed point formula: 

n - 



n - 



n 

wGT~/'J" 

11^ 



W 



So after renormalizing vectors according to (jSOp we have: 

p — _f _ J..J.-1 ^,di+i-2di+di-i+2-2i f __f ^ ,,-d.+ i+2d.-(ii_i+2i 

i,r{d/,d)~ J i,r\^,d/Y^^i+l" ' fi.rU ,df) ^ ■' hr\d; ,d^i 

Now the proposition follows from Proposition l4.15l □ 

We define V{ii) as the C-linear span of the vectors (d) for d e D{fi). 

Theorem 4.19. The formulas of Theorem \4.13\ give rise to the action of Uy{sln)/{u ~ v^^^'"") 
in 

Proof. The proof is exactly the same as the proof of Theorem 3.20 of [3]. 
We have to check two things: 

a) for d G D(ii) the denominators of the matrix coefficients e. ^(^2')^ h r(dd'} '^'^ vanish; 

b) for d IE D{fi), d' ^ Dip) the numerators of the matrix coefficients £^^{2 2')^ hr(d2') 
vanish. 

Both are straightforward. □ 

Restricting V{^) to f/^(5l„) cU^(s[„) we obtain the same named [/^(s[„)-module with the 
Gelfand-Tsetlin basis parameterized by D{^). Recall that in the proof of Theorem 3.22 [3] 
there was constructed a bijection between D{p) and Tingley's crystal 53^ of cylindric plane 
partitions model of section 4 |T3]. This answers Tingley's Question 1 ([13], p. 38). 

Finally we formulate a conjecture: 

Conjecture 4.20. U{5ln)/ {u — v~^~^) -module V{^) is isomorphic to Uglov-Takemura module, 
constructed in |14j . 
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